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Abstract. The paper approaches the study of solidification within a square domain by means of an implicit finite 
difference method. To simplify the mathematical treatment of the problem, we use the decomposition technique. 
The imposed boundary condition is of the third kind (known convection heat transfer coefficient). As the 
decomposition technique applied “as is” to the two-dimension conduction heat transfer with phase-change led to 
a distorted shape of the solid/liquid interface, we have developed an original approach, referred to as the 
"symmetry condition technique”. The numerical results show a good accuracy compared with other approaches. 
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1. INTRODUCTION 

The moving boundary problem for phase change 
conduction heat transfer was subjected to many 
approaches [1-7], many of them considering simple 
geometric shapes of the phase-change domain, 
especially in the case of one-dimension heat propa-
gation in bodies with constant physical properties 
[1-4]. Due to the important complications that 
arise, theoretical studies dedicated to the nonlinear 
mathematical model of the two-dimension heat pro-
pagation during phase change focused on simple 
geometry physical models, especially bodies with 
symmetry axes. The two- or three-dimension case 
imposes a special treatment since the direction of 
the solid/liquid interface rate varies along the inter-
face which is not plane, neither cylindrical, nor 
spherical. Consequently, the position and the shape 
of the interface are a priori unknown. The case of 
square-shaped domains has been studied by Poots 
[5], who uses the heat balance integral method, 
Lazaridis [6], who solves the problem by means of 
the explicit finite difference method, and Crank 
and Gupta [7], who use the isotherm migration 
technique. This paper approaches the problem by 
means of a finite difference technique of the 
implicit-type, by using the decomposition method. 

2. MATHEMATICAL MODEL 

Let us consider a prism of square cross section 
and of infinite height and let 2H be the length of 

the square’s side. The prism consists of a substance 
(referred to as “phase-change material” – acronym 
PCM) initially in the liquid state at a temperature 
T0 above the fusion temperature TF. Let us suppose 
that the prism is cooled by convection and that the 
cooling conditions are identical and uniform on its 
four faces. The temperature of the cooling fluid is 
TC. We suppose that the thermophysical properties 
of the PCM are constant with respect to the 
temperature and that thermal convection is absent 
within the liquid phase of the PCM. Because of the 
uniformity of the cooling conditions and of the 
geometrical symmetry of the prism’s cross-section, 
only one quarter of its area can be considered, i.e. a 
square of side H, which simplifies the analysis. 
Figure 1 shows the schematic of the system at a 
certain moment.  

 

 
 

Fig. 1. Schematic of the domain at a certain moment. 
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The solid and liquid regions are separated by the 

interface. The interface rate S  is normal to the 
interface in each point of the latter and can be 

decomposed in xS  and yS along the directions of the 

two axes.  
In order to get the most general form of the 

equations, we use dimensionless temperatures θ 
defined as: 
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The equation that describes the phenomenon is 
the unsteady heat conduction equation: 
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where subscript j stands for the region (j = S – solid, 
respectively j = L – liquid). 

The initial condition is: 
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and the boundary conditions are: 
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respectively: 
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The equations of the interface rate components 
are (see also Fig. 1): 
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In order to solve the problem, we attach a 
square grid of space step h H N  to the domain 

(N = number of nodes for each side). The major 
difficulty is to evaluate the derivatives xS y   

and yS x   that appear in eqs. (6) and (7). To 

overcome this obstacle, we have adopted the 
decomposition approach, as described in [8], thus 
turning the two-dimension problem into two one-
dimension ones, corresponding to each of the two 
directions of heat propagation. To our knowledge, 
this is the only case when decomposition is applied 
to moving boundary problems, as the literature 
studied by us only mentions this method in the 
case of unsteady conduction heat transfer without 
phase-change.  

 Decomposition means – as its name suggests – 
to “decompose” at each time step Δτ the two-
dimension heat conduction into a succession of 
two one-dimension conduction heat transfer phe-
nomena occurring along the two directions Ox and 
Oy, the order being arbitrary. Figure 2 shows the 
configurations of the interface in the initial state, i.e. 
at the end of time step (p − 1)Δτ, in the intermediate 
stage (i), and at the beginning of the following time 
step, pΔτ. At the beginning, the interface is 
situated – with respect to the node (m, n) – at 

distances  1p
xh n , measured along the Ox axis, 

and  1p
yh m , measured along the Oy axis 

respectively.  
 

 
 

Fig. 2. Successive positions of the interface  
during a time step. 
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The first stage of decomposition (referred to as 
“intermediate stage”) consists of the one-dimen-
sion heat propagation along the Oy axis (arbitrary 
chosen as the first direction of propagation). The 

interface rate  1p
yS m  ”transports” the interface 

(dashed line), positioning it at distances  i
xh n  

and  i
yh m  with respect to node (m, n). 

The following stage (referred to as “final 
stage”) is performed by considering heat 
conduction in the direction of the Ox axis. The 
distances between the interface and node (m, n) 

become  p
xh n  and  p

yh m  respectively. 

As a result, the problem is simplified by being 
reduced to the successive application 2N times (N 
times for each of the two directions) of the finite 
difference approach for each time step.  

To solve the problem, we have used the 
implicit-type finite difference approach, because it 
allows the arbitrary choice of the time step magni-
tude. Consequently, a typical finite difference 
equation for a node (m, n) that is interior with 
respect to a phase region j is: 
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where the convergence criterion α of the ordinary 
finite difference scheme is: 
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The interface rate that results from the 
temperature field at the end of the previous time 
step (p − 1)Δτ  and that allows to determine the 
intermediate position of the interface is: 
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where 1   . 
The intermediate position, defined by the space 

step fraction  i
y m  is:   

      1 1i p p
y y yh m h m S m         (11) 

When trying to determine  i
xh n , i.e. the 

distance measured along the Ox axis between the 
intermediate position of node (m, n) and the 
interface, the lack of information with respect to 
the temperature field configuration along this 
direction prevents us from getting an accurate 
value. We overcame this inconvenience after 
noticing that at the end of each time step the 
temperature field must be symmetrical with respect 
to the diagonal of the square domain. Thus, we 
developed an original technique referred to as “the 
symmetry condition”. Figure 3 illustrates the 
principle of the method.  

 

 
 

Fig. 3. Schematic for the considered example. 
 

Let us symbolize by NS* the minimum number 
of nodes contained in the solid layer (NS* = 3 in 
our example). In fact, NS* is the number of the last 
node located in the solid phase corresponding to 
the planes m = N and n = N, i.e., the symmetry 
planes of the entire square cross-section. In the 
intermediate stage one calculates the nodal 
temperatures θi by applying N times the finite 
difference scheme. The final stage of 
decomposition consists of two stages: 

●  n = 1, 2, ... , NS* (solid phase domain) 

 One applies N times the finite difference scheme 
by calculating θp. Because of the geometrical and 
thermal symmetry, the nodes symmetrical (with 
respect to the diagonal) to nodes (m, n),  
n = 1, 2, ..., NS*, must have the same temperatures: 

p p
m,n n,m   . For example, the final temperature of 

node (2, 8) must be equal to the final temperature 
of node (8, 2) that was determined by means of the 
finite difference technique. Thus, a part of the final 
temperatures, i.e., the temperatures of the nodes 
located inside the strip m  NS* above the line  
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n = NS*, are known as a consequence of the 
symmetry. 

● n > NS* (two-phase domain)  

The temperatures of nodes (m, n), m  NS* are 
already known by virtue of symmetry. For m > NS* 
we have used a relation derived from eq. (8). 
Consider a plane n > NS* (Fig. 4). The tem-

peratures 1 2   
S

p p p
,n ,n N* ,n, , ...,    are already known 

by virtue of symmetry. Since these temperatures 
result from a heat conduction process in the Ox 
direction, it follows that they could have been 
obtained by means of a finite difference technique. 
Consequently, one can determine the temperature 
of node (m, n), m > NS* by writing the finite 
difference equation that has the respective tem-
perature as the sole unknown. The relation of 
recurrence used to determine the temperature of 
node (m, n) derives from the finite difference 
equation for node (m − 1, n) whose temperatures 

2
p
m ,n and 1

p
m ,n  are known. It results: 
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Fig. 4. Cross-section corresponding to a plane  
n > NS* parallel to Ox axis. 

 

By using this equation one obtains the ex-
tension of the temperature field for all of the nodes 
m > NS* (dashed line in Fig. 4). After calculating 
the temperatures of the nodes (located inside the 
solid layer) belonging to plane n, it is possible to 

determine the fraction  p
x n . Consider now the 

finite difference equation of node NSx(n): 
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(for the sake of simplicity we have designated 

NSx(n) by M and the fraction  np
x  by ξ). The 

unknown of this equation is the fraction ξ whose 
value is determined by finding the solution of the 
second order equation: 
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Another problem that we had to solve was the 
start of the calculation process departing from an 
initial solid region that had to be as thin as possible 
in order to increase the accuracy. Because the 
writing of a finite difference equation needs three 
nodes, it is obvious that the initial solid layer has to 
include the first node since the interface itself is a 
moving node. Thus, the initial thickness has a 
lower limit imposed by the grid step. Therefore, we 
had the idea of placing an additional node between 
the prism’s face and the first node, closer to the 
former, and thus the lower limit of the initial 
thickness of the solid layer was now only restricted 
to the value of the distance between the prism’s 
face and the additional node. This node has been 
used as long as the interface was being placed 
between the prism’s face and the first “regular” 
node, and for this reason the finite difference 
equation had a special form. As soon as the latter 
has been included in the solid phase region by the 
advancing interface, the finite difference equation 
regained its normal form (8).  

 Related to the initial solid phase region that 
forms during the first time step, we had to infer 
over its shape. The most accessible hypothesis is 
that the first solid layer is parallel to the prism’s 
faces and has a rounded corner. We have 
determined the radius of the corner from the value 
of the solid layer thickness, which we have 
determined by using a relation developed by Heitz 
and Westwater [3].   
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3. RESULTS AND DISCUSSION 

The numerical example we have considered 
uses the physical properties of a paraffin  
(TF = 333 K, l = 176 kJkg-1, λs = 0.29 Wm-1K-1,  
λl = 0.256 Wm-1K-1). The liquid paraffin is initially 
superheated and thus θF = 0.8, and the grid had  
10 × 10 nodes. The convective cooling has been con-
sidered in four cases: Bi = 0.55, 2.75, 5.52, and 27.5. 
In order to obtain the highest degree of generality, we 
have used the dimensionless time defined as: 

 2
Sa / H    (14) 

In Figures 5 through 8 we have represented the 
shape and position of the interface at selected 
moments in order to ease the comparison between 
the different cooling conditions.  

The first obvious remark is that, as the soli-
dification process advances, the distances between 

two positions of the interface separated by the 
same time interval grow larger because of the 
increase of the thermal resistance of the solid 
region as the latter grows thicker. 

The second remark is related to the intensity of 
the convective cooling. It has a very important 
influence, which can be illustrated by the relative 
position of the interface at the same moment in the 
four cases considered: if one measures the fraction 
of the square’s side (e.g. for 0 3.  ), one finds 
that this value is 0.325 for Bi = 0.55, 0.475 for  
Bi = 2.75, 0.55 for Bi = 5.52, and 0.72 for Bi = 27.5 
respectively. The influence of the convective 
cooling is also illustrated by the total freezing time: 
it varies from about 0.52 for Bi = 0.55 to 0.35 for 
Bi = 27.5. As the Biot number increases, the 
evolution of the process tends to become more and 
more similar to that of the first type boundary 
condition (when Bi → ∞).  

 

  

Fig. 5. Positions of the interface for Bi = 0.55. Fig. 6. Positions of the interface for Bi = 2.75. 
 

  
 

Fig. 7. Positions of the interface for Bi = 5.52. Fig. 8. Positions of the interface for Bi = 27.5. 
 

 

The intensity of the convection heat transfer 
also puts its imprint on the shape of the interface. 
At lower heat transfer rates (Bi = 0.55), the 
interface gets very early a circular arc shape and it 

preserves it until the end. At higher heat transfer 
rates, the interface first turns into a quasi-
hyperbola as an intermediate shape and later it 
becomes a circular arc. At Bi = 27.5, the interface 
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shape is very similar to that of the first kind 
boundary condition.  

Figure 9 shows the variation of the dimensionless 
solid layer thickness S  in node m = 5, versus the 
dimensionless time  . The former is defined as the 
ratio between the thickness S of the solid region in a 
node, measured parallel to the side of the square 
domain and the total length H of this side: 
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Fig. 9. Plots of the dimensionless solid layer thickness versus 
dimensionless time, in node m = 5. 

 
 The plots have been drawn for the four values of 

the Biot number and show that the growth is almost 
linear at the beginning, but later it turns accelerated. 
The explanation of this behavior is that at the 
beginning, the main thermal influence belongs to the 
closest face of the prism, in this case the lower one. 
In the second part of the process, the influence of the 
lateral side becomes increasingly important and it is 
conjugated with the fact that the liquid region has 
become isothermal, at the fusion temperature θF. 

4. CONCLUSIONS 

We have studied the problem of two-dimension 
unsteady conduction heat transfer with phase-change 
in a square cross-section prism of liquid phase 
initially superheated. The prism is identically and 
uniformly cooled by convection and thus the cooling 
is perfectly symmetrical. The tool we have used was 
the finite difference approach, by using the implicit-
type method. Because of the complexity of the 
problem, we have used the decomposition technique. 
For each time step, this method formally replaces the 
two-dimension heat propagation with two successive 
one-dimension heat conduction processes. In order to 
start the procedure as early as possible, we have 
inserted an additional node in the vicinity of the 
prism’s faces, which allowed us to determine a 
thinner initial solid layer. The results show that the 

magnitude of the convective cooling exerts an 
important influence on the shape of the interface 
and on the process rate.  

NOMENCLATURE 

a thermal diffusivity 
H half of the prism’s side 
h space step 
l latent heat of fusion 
N total number of nodes in each direction 
NS number of the last node in the solid region 
S  interface rate 
T temperature 

Subscripts 

L liquid 
m current node in the Ox direction 
n current node in the Oy direction 
S solid 

Greek letter symbols 

α convergence criterion of the finite difference scheme 
θ dimensionless temperature 
λ thermal conductivity 
ρ density 
τ time 
  dimensionless time 
ξ space step fraction in the solid phase region 
ψ space step fraction in the liquid phase region 

Superscripts 

i intermediate stage of decomposition 
p current time step  
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