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Abstract: This paper introduces a new optimization model for the multistage flash with once through.  The proposed mathematical 
formulation for MSF-OT was modeled using the Generalized Disjunctive Programming (GDP) framework and reformulated into a mixed-
integer nonlinear programming (MINLP) problem. The resulting optimization problem was solved using the available solvers in GAMS 
software. The objective function of this work is focused on minimizing the total annualized cost (TAC) of MSF-OT process with the key 
feature of determining the optimal number of stages. First results show the capabilities of our approach providing simultaneously the 
optimal values for the continuous and discrete variables, and offering to the decision-maker the best design depending on the purchased 
cost of the equipment. 
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I.  INTRODUCTION  

 
Water is the most important source in all fields of life, 
which a small portion is suitable for human 
consumption. The fresh water comprises only 3% of 
the total water capacity [1]. Due to rapid growth of 
population, the depletion of nature water resource and 
its supply increase. For this reason, the shortage of 
water which known as water stress is expected to 
increase [2-3]. According to the reports of United 
Nations, more than 50% of the world will experience 
water stress by 2025[4-5]. The overtaking demand of 
fresh water can be fulfilled by several technologies 
available for potable water such as desalination 
process. The desalination market is expanded fast 
around the world and this trend is expected to 
increase further in the future [6-7-8]. 
Among several desalination process Multistage flash 
(MSF) (Fig.1) is the largest sector in the desalination 
industry. It presents more than 40% of the entire 
market [9. and then it became the principal source of 
fresh water in some countries. The MSF process is a 
well proven established, but its installed cost is high. 
A lot of studies focus on reducing the cost of 

producing water. Although considerable progress has 
been achieved in this way, more cost reduction can be 
fulfilled.  
The main purpose of this paper is to optimize the 
annualized cost of the multistage flash- once through 
(MSF-OT). The optimal design depends on reliable 
data cost, but there is a lack of that information in the 
literature. The correlations found are based in global 
decision variables (such us the total produced water) 
and therefore a detailed design cannot derive from 
them. Another problem of the cost data available in 
the literature is that the size parameter range where 
the correlation can be applied does not include the 
value of our equipment. So our approach herein is to 
reverse the problem, in which we give the purchased 
costs of equipment and then we calculate the optimal 
desalination plant.  
The next sections include a brief description of the 
MSF-OT plant, mathematical model, optimization 
results and conclusion. 

II. PROCESS CONFIGURATION 

Multi-Stage Flash distillation is one of the major 
adopted processes in desalination industry, and this is 
thanks to it is a well-established and the reliable 
process. Moreover, the main feature of the Multi 

Fig.1. Scheme of the once through multistage flash process [10]. 
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Stage Flash process is the absence of evaporation 
surfaces; thereby the problem of scaling and fouling 
of tubes in the process was reduced. 
Decreasing the pressure lead to reach stage by stage 
evaporation and then flash a small amount of water.  

 
Fig.2. Schema of model variables in flashing stage [10]. 

 
 
This peculiarity reveals that the MSF process can 
overtake the other desalination process. There are 
several different configurations for MSF units, the 
most used ones are the Once Through and the Brine 
Circulation configurations. 
 

A. Once-Through multistage flash system 
(MSF-OT) 

The process of Once through MSF system consists 
mainly of two sections, a heat addition section with 
only a brine heater and heat recovery section with 
number of flash chambers (stages). The seawater is 
pumped through the condenser tubes from the last 
stage of the heat recovery section to remove heat. It is 
worth noting that the seawater flows from the low-to 
high-temperature stage of condenser. Then, the heated 
seawater passes through the brine heater, where a 
low-pressure steam is used to heat the saline water. 
During this process, seawater removes latent heat of 
condensation from the steam. The condensate and 
heated seawater are results of condensation in the 
brine heater. The condensate is pumped back to the 
steam generator of the power plant while the heated 
seawater leaves the heater at the top brine 
temperature, which then reached the flashing 
chambers. The pressure inside the flashing chambers 
is fixed below the atmospheric pressure, which is 
reduced from stage-to-stage. Thereby, the heated 
seawater flashes out at a lower temperature in the 
successive stages and the temperature decreases from 
the first to the last stage. The condensation of 
resulting vapor on outside of the tube bundles 
produces the distillate water. The flashing vapor 
passed at the first through a demister to prevent any 
liquid droplets entrained in a vapor stream. 
    Each stage of an MSF process (Fig.2) composed 
from: 

 The tubes of the condenser, where the vapor 
condensate. 

 The demister to eliminate the brine droplets. 
 The distillate tray to collect the product 

water. 
 Inlet /outlet brine orifices. 
 The brine pool. 

 

III.    METHODOLOGY 

 

Herein, we used an adequate methodology that is 
capable of solving the optimization problem of Multi-
Stage Flash MSF. It is based on the simulation model 
with the addition of a set of inequality constraints 
with the process specification and with some 
redundant constraints to achieve a tighter formulation, 
which helpsthe optimization solver. This 
methodology was implemented using a system for 
numerical optimization. The following sections 
summarize the simulation and optimization models. 

IV. SIMULATION MODEL 

 
The first simulation models for MSF-OT process was 
given by EL-Dessouky and Ettouney [10]. It was a 
useful tool for developing a good initial guess for 
more detailed mathematical model. We validated a 
steady state mathematical model of MSF process 
against the results reported in the literature using 
GAMS. Then, we modified the mathematical model 
used by [10] to adapt it to a real optimization process 
(i.e., Degrees of freedom greater than zero). The 
simulation model are composed of a set of energy and 
mass balance equations applied for each stage. 
To develop the mathematical model of the MSF plant, 
the following assumptions are considered: 

 The specific heat (Cp) is constant and equal 
for all liquid streams. 

 Temperature profiles are linear 
 

 The latent heat of vaporization of water (λ) 
depends on temperature. 

 Thermodynamic losses include the boiling 
point elevation (BPE) and independent of 
non- equilibrium allowance (NEA). 

 The overall heat transfer coefficients in the 
condenser and brine heater depend on the 
temperature of the condensing vapor. 

 Distillate product is salt free. 
 The maximum number of stages is assumed 

to 40. We obtain the optimum number of 
stages as a result. 

 The effect of non-condensable gases on the 
heat transfer process is negligible. 

 Heat losses is negligible. 
 Capital costs of pumps and mixers are 

negligible. 
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A. Set definition 

The following set is required to develop the NLP 
model.  

Ι = {і /і is a flash stage} 
 

The number of flash stages is obtained as a result of 
the optimization model.  
The mathematical formulation of the proposed model 
including equality and inequality constraints for the 
MSF-OT process is formulated based on the 
superstructure presented inFig. 1 and it is based on 
the mass balance, energy balance and heat transfer 
equations. 

B. Stage model 

The amount of evaporated water in each stage is  
given by:  

 
Dm,і = Ві-1 –  Ві     і > 1                                (1) 

 Dm,1= Мsw – В1     і = 1                                (2) 

The brine profile in each stage: 
For the first stage, the mass flowrate of the seawater 
is greater than mass flowrate of the brine that leaves 
from stage 1:    
 
Ві-1>Віі > 1                                                 (3) 
Мsw> В1     і = 1                                                  (4) 

The amount of distillate water produced in each stage 
(Di) is the sum of the mass flowrate of distillate water 
that leaves from stages (Di-1) and the mass flow rate 
of evaporated water in stages (Dm,і). The equations are 
given by:   

Dі = Dі-1 + Dm,і      і > 1                            (5)D1 = Dm,1              
і  =1                             (6) 

 
The Mass balance in each stage can be expressed as:   
 

Di-1 + Вi-1 = Di + Вi        і > 1                      (7) 
 

For the first stage Вi-1 is equal toМswandDi-1 is equal to 
zero. Therefore the equation is given by: 
 
Мsw = D1 + В1   і = 1 (8) 
 
The Brine mass balance is defined as the following 
equation: 
 

Вi-1 Xi-1 = Вi Xi       і > 1                              (9) 
Мsw Xsw = В1 X1і = 1(10) 

 
In which Xiis the salinity of the brine and Мsw is the 
mass flowrate of the seawater. 
The overall mass balance is defined as 

 
Мsw = Dn + Вn     і = n                             (11) 

 
The Latent heat of water evaporation in each stage is 
calculated by the following correlation: 
 

λi = -2.60491063597352 .Ti
vap + 2.511259224789351. 

103(12) 
 

The heat flux transferred brine to seawater is given by 
the following equation: 

Qi = Dm,і λi                                            (13) 

C. Saturated vapor temperature 

The saturated vapor temperature should be equal to 
the brine temperature minus its BPE. It is calculated 
as: 
 
Ti

vap + BPEi = Ti       і >1                                   (14) 
T1

vap + BPE1 = T1       і =1(15) 
 

D.  Boiling point elevation (BPE) 
 

The boiling point elevation (BPE) corresponds to the 
increase in the boiling point temperature caused by 
the brine salt concentration. The BPE is calculated by 
using a correlation taken from[10]: 
 

BPEi = -0.78908708752133 + 0.00124223250024.Ti 
+0.01011844500055. Xi + 3.28189999950377.10-5. Ti Xi 

 (16) 
E. Temperature constraints  

 
Constraints in temperature are very essential to avoid 
the temperature crossovers in each stage. These 
constraints are expressed as: 
 
Saturated vapor profile Ti

vap> Ti+1
vapі < n(17) 

Seawater temperature profileTi
sw> Ti+1

sw і < n(18) 
 Brine temperature profile         Ti-1 > Ti   і > 1          
(19) 

T0 > T1   і = 1          (20) 
 

A. Energy balance of brine stream  
Where the feed seawater enters the flashing stages, a 
small amount of fresh water vapor formed and this 
due to the brine flashing in each stage. The flashing 
process decrease the brine temperature as expressed 
the following equation: 
 

Qi = Вi-1Cpb (Ti-1 –Ti)        і > 1(21) 
Q1 = Мsw Cpb (T0 –T1)  і = 1(22) 

 
B. Energy balance in the brine heater 

 
The heat flux for the brine heater is given by: 

 
Qb = Мsw Cpb (T0 – T1

sw)                   (23) 
 

In which T1
sw is the inlet feed temperature in the brine 

heater and T0 is the outlet temperature from the 
preheater and it is the Top Brine Temperature (TBT). 
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1) Area of the brine heater 

 
The area of the brine heater is defined as  
 

Qb = Ub.Ab .LMTDb                                  (24) 
 

In which the overall heat transfer coefficient Ubis 
estimated using the correlation presented by [10] 
 
Ub = 1.7194 + 3.2063.10-3. Tsteam + 1.5971.10-5. 
(Tsteam) 2 – 1.9918.10-7. (Tsteam) 3                                                    
(25) 
 
Herein, we used Chen's approximation [11]to define 
the logarithmic mean temperature difference (LMTDb) 
to avoid numerical difficulties related to matching 
temperature differences. 
 

LMTDb = (0.5(θ1b .θ2b) (θ1b +θ2b)) 1/3         (26) 
In which, 
 
θ1b = {Tsteam – T1

sw} 
θ2b = {Tsteam – T0} (27) 
 

F. Condenser 
 

The condenser is designed using the following 
equations. 

1) Energy balance in condenser tubes:  
The energy balance inside the condenser are defined 
as 
 
Qi + Cpd (Ti-1

vap – Ti
vap) Di = Msw Cpsw (Ti

sw – Ti+1
sw), 

1<i<n                                          (28) 
 

Q1 = Msw Cpsw (T1
sw – T2

sw), 
i =1    (29) 

 
Qi + Cpsw (Ti-1

vap – Ti
vap) Di-1 = Msw Cpsw (Ti

sw – Tfeed), 
і=n(30) 

 
 

Herein, we assumed that all the specific heats are 
equal to 4.18 KJ/Kg.̊ C 
 

2) The heat transfer area of each condenser: 
The heat transfer areaAc,i of the condenser is 
determined using the following equations. 
 

Qi = Uc,i . Ac,i .LMTDc,i                              (31) 
 

In this case, the log mean temperature difference 
(LMTDc,i) is calculated by (26), with the temperature 
difference in the hot and cold streams given by: 
 

 
Ti

vap – Ti+1
sw       і< n 

   θ1 =        Ti
vap – Tfeed       і = n 

 

                  θ2   =         Ti
vap – Ti

sw 
(32) 

 
 

3) Overall heat transfer coefficient 
 
 The overall heat transfer coefficient Uc,i of the 
condenser is given by (33): 
 

Uc.i = 1.7194 + 3.2063.10-3.Ti
vap + 1.5971.10-5.(Ti

vap)2 –           
1.9918.10-7. (Ti

vap) 3(33) 
 

V. OPTIMIZATION MODEL                         

A. OBJECTIVE FUNCTION 

The objective function is defined as the total 
annualized cost of the MSF-OT process. 

 
 

1) Total annualized cost 
 

The total annualized cost is equal to total capital 
expenditures (CAPEX) added to operational expenses 
(OPEX) as defined by the following equation. 

 
TAC = CAPEX + OPEX                      (34) 

 
2) Total capital expenditures 

 
CAPEX takes into account the investment cost of all 
the equipment in the MSF-OT model.  We assume 
that the main contributions for the calculation of 
CAPEX come from the capital expenditures of the 
preheater and the evaporators. Herein we consider an 
evaporator as a condenser and a flash chamber to 
simplify the cost calculation. 

 

. . .

.  

   (35) 
In which fac is the annualization factor for the capital 
cost defined by Smith[12]: 
 

                                              (36) 

 
Where r is the interest rate per year and y is the 
number of years (plant life). In Equation (35), CPO 
indicates the purchased cost of a unit of equipment (in 
US$) operating at pressure close to ambient 
conditions. CPO is estimated using the correlations 
given by Turton et al. [13] for the preheater and 
evaporators. FBM corresponds to the factor of 
correction for the basic unitary cost, in which the 
construction materials and the operational pressure of 
these equipment units are correlated. Moreover, the 
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total annualized cost should be normalized for the 
relevant year using the CEPCI index (Chemical 
Engineering Plant Cost Index). 
 
 

3) Operational expenditures 
Operational expenditures account the steam cost, 
power cost, chemical cost, spares cost and labor cost, 
which given by [14]: 
 

∑                                            (37) 
 
In which, these costs are defined as bellow: 
Steam cost: 

1 8000. . . 0.00415             (38) 

 Chemical cost:   

2 8000. . 0.024                            (39) 

Power cost:       

3 8000. . 0.109       (40)                                                           

Spares cost:     

4 8000. . 0.082    (41)                                                         

Labor cost:    

5 8000. . 0.1   (42)                                                            

 
Where db and dw are the density of the brine and pure 
water respectively. We note that all the flow rates 
used in these costs are in kg/h. 
 

B. Generalized Disjunctive Programming 
(GDP) 

 
The GDP modeling framework, which is an extension 
of disjunctive programming paradigm introduced by 
Balas [15], describes each one of the alternative 
configurations embedded in a superstructure by a 
different term in a disjunction using Boolean 
variables and logical propositions. Then, the 
disjunction part of the optimization problem is 
reformulated into a set of algebraic constraints that 
include binary variables, leading to an MINLP 
problem. The following disjunction with two terms 
allows to model the decision making of selecting a 
potential stage i: 
 
Yi

,

		

,

, .

 

 

-Yi 

V

0

0

	  

                                                                                (43) 
Using the big-M reformulation, the previous 
disjunction is written as follows: 
 

10 . У

, 10 . У 	

, 2000. У 	

. , . У
М. У 							 1
М. У 							 1
М. У 				
М. У 				
М. У 				
М. У 				

(44)   

 
Wherein, M is a parameter large enough to make the 
associated constraint redundant when Уiis zero; 
otherwise that constraint is enforced. 
The following constraint is added to ensure the 
selection of the consecutive stages: 
 

1 У 	 У 	 1 (45)     
 

VI. RESULTS 

 
A. Case study 

 
A case study is performed to describe the numerical 
results and the influence of some critical parameters 
on the optimal solution. In addition, the accuracy of 
the proposed model is verified. We consider herein a 
case study that deal with the optimization of the total 
annualized cost of the MSF-OT process. 
 

1) Effect of purchased cost of  one evaporator 
 

It should be highlighted that the sensitive analysis 
in this case is used for the conditions shown in 
Table 1. For given purchased cost of each 
evaporator, we calculate the optimal desalination 
plant with variation of number of evaporators.Fig.3 
illustrates the variation of the number of stages as a 
function of TAC and specific cost. Fig.3  shows 
different profil (a), (b), (c) and (d) which are  
related to different cost of one evaporator 0.5 M$, 
1M$, 1.5M$ and 2M$ respectively.Each point 
corresponds with the solution of an MINLP 
optimization problem given a fixed value of the 
purchased cost of one evaporator. That implies that 
each point in the figure entails not only a value of 
the Specific cost, but also an optimal topology 
(number of stages) along with the optimal values 
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for all the operating variables.Hence, the optimal 
number of stages at each level of the purchased cost 
is annotated in Fig. 4. As shown , Fig.4 illustates 
the optimal results which extracted from Fig3, and 

presents the optimal number of stages. When the 
cost of one evaporator increase , the specific cost 
and annualized cost increase also. 

 

(a) 

(c) 
Fig.3.Optimal values of the specific cost as a function of the 

evaporator purchased cost. 

 
Fig.4.Optimal values of the specific cost and TAC as a function of 

the evaporator purchased cost. 

 
 

2) Effect of top brine temperature 
 

In this case, we have selected one of the previously 
solved optimization problems show in Fig 4 (the one 
corresponding to 0.5 M$), and then, fixing the 
number of stages (30 stages), we perform a sensitivity 
analysis with the parameter TBT. Fig.5 illustrates the 

variation of the specific cost of product water with the 

top brine temperature at a fixed value for purchased 
cost of one evaporator equal to 0.5 106 US$.As 
shown, when TBT  
 
 

(b) 
(b) 
(d) 

 
ranges from 96 to 116 ̊C, the costs varied linearly 
from 0.95to 0.851US$·m-3. As shown, the total 
annualized cost decreased with increasing of TBT. 
This is defined by the increase in the flashing range 
and temperature drop per stage.This observation 
suggests that the optimum value of specific cost is 
obtained when TBT is above 100  ̊ C.Obviously,we 
cannot guarantee that the final optimal design is the 

global optimum,  as we are dealing with a complex 
problem (because contains non-convex constraints 
and binary variables).Nevertheless, this solution 
approach provides a local optimal solution in a 
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reasonable time in terms of computation time. 
 
             Fig.5. Optimal values of the specific cost as a function of 

the Top brine temperature. 

 
 

 
 

B. Computational aspects 
The proposed model was implemented in GAMS 
software [16] and solved using CONOPT for the NLP 
problems [17] and BARON for the MINLP problems 
[18-19]. To converge the model, a good initial guess 
should be provided.  
In addition, it is important to define a tight upper and 
lower bounds for each of the system variables to 
reduce the search space.The choice of these bounds 
are crucial, as loose or even wrong lower and upper 
bounds would generate an infeasible solution. 
Although scaling variables and equations is 
automatically performed by the solver, a well scaled 
model sometimes requires an active scaling 
(participation of the user) using the problem 
knowledge.For example, variables such as salinity 
water should written as 42 g/kg instead of 42000 
ppmwhich is expressedin literature.To overcome the 
requirementof provide good initial guesses we first 
run a simplified modelusing GAMS and setting the 
degrees of freedom to zero, which is the equivalent of 
simulation problem. Therefore, the optimal values of 
this first model provide suitable initial values for the 
following more complex model. 
 
 

TABLE I: Problem data 

Variable Value 
Distillate flow rate (Md) 
Seawater salinity (Xsw) 
Seawater temperature (Tfeed) 
Top brine temperature (T0) 
Steam temperature (Tsteam) 
Avg. brine density (db) a 

Avg. pure water density (dw)a 
Factor of annualized capital 
cost(fac) 

378.8 Kg.s-1 

42,000 ppm 
25 ̊ C 
116  ̊C 
126  ̊C 
1060 kg/m3 
1000 kg/m3 
0.08(5%-20 
years) 

    a
Data obtained from [14]. 

 

VI. CONCLUSION 

This study provided a GDP nonlinear model for the 
MSF-OT process with the key feature of determining 
the optimal number of stages. The mathematical 
model proposed have been reformulated as a MINLP 
problem and solved using GAMS software, where the 
objective function is the total annualized cost of MSF-
OT process. The results from the case study illustrates 
the capabilities of our approach providing 
simultaneously the optimal values for the continuous 
and discrete variables, and offering to the decision-

maker the best design depending on the purchased 
cost of the equipment, which in turns depends 
strongly on the location of the desalination plant. 
 

 
 

Nomenclature  
Roman letters  

 
Heat transfer area 

,  Heat transfer area of the 
condenser  

 Heat transfer area of the brine 
heater

Bi Flow arte of flashing brine 
leaving stage  

 Flow rate of flashing brine 
entering stage  
Boiling point elevation of stage 

 Capital expenses 
C Cost

 Capital cost of evaporator 

 Heat capacity 
Heat capacity of the brine 

 Heat capacity of the distillate 
water

 Cost of a unitary equipment 
Cost of a unitary brine heater 
Cost of a unitary evaporator 

 Flow rate of distillate water 
leaving stage  

,  Flow rate of evaporated water in 
stage 
Density of brine 

 Density of pure water 
 Factor of annualization for capital 

cost of investment 
Correction factor for cost 

 
   Correction factor for cost for the brine 

heater
   Correction factor for cost for the 

evaporator 
   Log mean temperature difference for brine 

heater
,    Log mean temperature difference for 

condenser in stage  
  Big-M formulation parameter 

   Flow rate of feed seawater 
  Operational expenses 

   Heat flux 
  Heat flux transformed in stage 
  Heat flux transformed in brine heater 

   Fractional interest rate per year 
  Total annualized cost 

T Temperature 
  Temperature of the brine leaving stage 

   Temperature of the brine entering stage1 
   Temperature of feed seawater 
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   Temperature of seawater leaving stage  
   Temperature of saturated vapor 

condensing in stage  
   Temperature of steam 

	 Overall heat transfer coefficient 
atthe brine heater 

  
, 	 Overall heat transfer coefficient at the 

condenser stage	  
 Salinity of the brine leaving stage  
 Salinity of feed seawater 

у  Binary variable 
 Number of years 

 
Acronyms    
    
CEPCI  Chemical engineering plant cost index
GAMS  General algebraic modeling system
GDP  Generalized disjunctive programming
MINLP  Mixed-integer nonlinear programming
MSF  Multistage flash 
    
Greek letters    

 The Latent heat of water evaporation in 
stage  
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