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Rezumat. An important category of thermal transfer processes is that of environments with phase change. We 
refer to the processes of melting and solidification of some substances with different shapes, involved in thermal and 
accumulation transfer processes. In this case, the enunciation of the mathematical problem is called the Ştefan 
problem and it refers to the thermal transfer in environments with a variable frontier.   
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1. INTRODUCTION  
In order to solve this problem, we will consider a plain 

plate made of a substance with phase change. We consider 
it horizontally, the upside being in thermal contact with the 
fluid environment above it and the downside being 
perfectly isolated from the thermal point of view. 

 2. NUMERICAL METHOD 
First of all, the numerical method that we will describe 

will admit an important simplifying hypothesis, saying that 
the plate’s temperature is equal on all its thickness, but, of 
course, variable in time [2]. The differential thermal 
balance in an unstable regime of the plate in the stage of 
sensible heat taking over is: 
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where: α[W/m2K] is the convection coefficient; 
ρ[kg/m3] – density; c [J/kg] – specific heat; t[0C] – 
environment temperature; θ[0C] – plate temperature; τ[s] – 
time. 

Thus obtaining the linear differential equation: 
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Taking into account the initial condition: 
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Supposing that the environment temperature is constant 
in time,  t > θF. 

Thus the solution of the differential equation is: 
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That’s how the plain plate made of the environment 
with phase change behaves during the solid and the liquid 
stages. Between these two stages, there is an intermediary 
passage stage from the solid stage to the liquid stage, 
during which latent melting heat is taken over. We have 
to determine how long this stage takes. We are thus 
writing the thermal balance characteristic to this phase[3]: 
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It is also important to establish the moment when the 
solid plate reaches the phase change temperature, θF. 
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From the moment F12 τττ +=  begins the heating in 
sensibility of the liquid plate. 
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Similarly, we can raise this question when the external 
heat depends on time. 

Due to the simplifying hypothesis it contains, this 
model doesn’t allow us to follow the plate’s temperature 
variation in thickness, this being an abatement from the 
real development of the thermic transfer processes. I what 
follows, we will try to rectify this by working on a model 
with layers of equal temperature. 

3. THE MODEL WITH LAYERS  
OF EQUAL TEMPERATURE 

In order to solve this problem, we will consider that 
the plain plate is made of n layers, each of them having 
an equal temperature. 

We will practically analyze the case when the upside 
part of the plain plate is in limit conditions of 3rd case, 
and at the downside, the themic flux is null. The plate 
made of phase change material is initially at the θ0 

temperature and the upside part is into contact with a 
fluid environment at the t(τ) temperature. 

We differentiate two stages of the heating (cooling) 
process: the 1st stage when the heat accumulation 
between the plate’s strata is made in sensible with the 
raising of the strata temperatures and the 2nd stage when 
the heat accumulation happens latently while keeping 
constant the strata temperature at the phase change 
temperature value θF.[4] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1. The plain plate. 
 
We will thus write the thermic balances of each 

stratum during the 1st heat accumulation stage in 
sensible. 
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Layer k: 

 
k

k1kk1k

dcx

d)(
x

d)(
x

θ⋅ρ⋅Δ=

=τ⋅θ−θ
Δ
λ

+τ⋅θ−θ
Δ
λ

+−  (11) 

And for the last layer: 
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Processing the thermic balance relations, we obtain 
the system of 1st order differential linear equations: 
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for k = 2, 3, ..., n – l. 
................................................................................................ 
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The utility of this system lasts as long as the first 
stratum has an inferior temperature compared to the 
phase change temperature of the plate material. As soon 
as the temperature of the first stratum reaches the θF 
value, the heat accumulation in this stratum will happen 
latently, while heat accumulation in the other strata will 
happen in sensible (that is with strata temperature 
modification). We can practically say that the plain 
plate has divided into two areas: an upside area where 
heat accumulation happens without temperature change 
and a downside area where heat accumulation happens 
with temperature change. The duration of the period 
while the first stratum accumulates heat without tem-
perature change depends on the second characteristic of 
the material, which is the latent heat r. 

The thermal balance of the first stratum during this 
considered period of τF duration is: 
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 To this thermal balance equation we associate the 
other thermal balance equations corresponding to the 2, 
3, ..., n strata, mentioning that the 2nd stratum is into an 
upside contact  with the 1st stratum which has a constant 
temperature θF. This system can be solved separately, 
but meanwhile we have to follow the satisfaction of the 
thermal balance of the 1st stratum, in order to establish 
the time value τF after which the phase change in the 
first stratum has entirely happened. 

After this first period, the first stratum is incorpora-
ted to the other strata, following up the modification in 
sensible of temperatures in all strata. This stage lasts 
until the temperature of the second stage reaches the 
phase change temperature value θF and from now on the 
second stratum separates the strata into two areas, an 
upside one and a downside one in which accumulation 
happens in sensible. In parallel we will also follow up 
the latent heat accumulation in the second stratum until 
the phase transformation in this stratum will happen 
entirely. From now on the stages alternate identically 
for each stratum of the plate, until, eventually, all strata 
change their phase.  
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4. CONCLUSION 
It is well-known that the substance suffers physical 

changes, once it has reached the temperature of phase 
change. The accumulation of heat will happen for a 
period of time without changing the substance tempe-
rature, the energy received or lost thus contributing to 
the change of the substance structure. There are com-
plications from the mathematical point of view, because 
the substance melting or solidification leads to the 
appearance of a separation frontier between the solid 
substance and the liquid one that continually moves 
during the thermal transfer process. 
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