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Rezumat. Această lucrare investighează mecanismele generării volumice de entropie caracteristice stratului 
limită dinamic şi termic supus tranziţiei de la curgerea laminară la cea turbulentă. Modelul matematic al 
ireversibilităţilor include disipaţiile generate de gradienţii mărimilor medii precum şi de media gradienţilor 
mărimilor fluctuante. Ţinând cont că ireversibilităţile volumice se manifestă în apopierea frontierelor solide ale 
curgerii, modelele de turbulenţă utilizate sunt adaptate şi acelor regiuni caracterizate de valori mici ale 
numărului Reynolds. Dintre toate modelele de turbulenţă investigate, acela a lui Chien furnizează cele mai bune 
rezultate în ceea ce priveşte descrierea ireversibilităţilor volumice ale stratului limită supus tranziţiei. 

1. INTRODUCTION 

The correct prediction of flow behavior in boundary 
layer represents one of the most important aspects that 
assure the numerical simulation success of complex 
thermodynamic processes. In some cases, like the 
gaseous flow through a cooled blade turbine, this 
prediction must include the transition phenomena from 
laminar to turbulent flow. Although the turbulence 
models hasn’t the goal in simulating the boundary layer 
transition, Schmidt and Patankar [1] and Wilcox [2] 
showed that some Low-Reynolds-Number K-ε and K-ω 
turbulence models can describe this phenomena. 

At this moment it is well known that the numerical 
simulation represents the first step in the second law 
analysis procedures of the power generation processes. 
Obvious, the success of numerical simulation leads to an 
accurate prediction of flow volumetric irreversibilities, so 
that the important lost exergy regions can be easy em-
phasis. In consequence, the whole thermodynamic design 
of complex power generation processes strongly depends 
on the correct numerical simulation of flow behavior. 

The objective of this paper is to investigate the 
capability of some K-ε turbulence models to numerical-
ly predict the thermodynamic irreversibilities in the case 
of boundary layers undergoing laminar to turbulent 
transition. For this investigation we have chosen the 
Two-Layer approach of Wolfshtein (TL K-ε) [3] as well 
as the Low-Reynolds-Number K-ε models of Chien 
(LRN K-ε CH) [4] and Fan-Laksminarayana-Barnett 
(LRN K-ε FLB) [5]. Of course, this selection is not 
fortuitous. First, because the flow irreversibilities take 
place in the near wall regions of the flow, that imposes 
the integration of equations system until the solid 
boundaries. Secondly, all of these models have a good 
behavior in modeling the turbulence properties of flat 
plate boundary layer flow. Thirdly, the source terms of 
K and ε equations contain only the first derivatives of 
flow properties that is very advantageous for the 
numerical implementation of system’s equations in an 
unstructured triangular solver, used for this work. 

It is well known that mathematical model of the 
flow is formed from the parabolic equations of 
boundary layer that lead to an indeterminate solution at 
the leading edge of flat plate. For this reason the 
calculus must be started from a flat plate fixed location 
at which some boundary layer quantities, like u, K, and 
ε profiles must be specified. If the location lies in the 
laminar part of the flow, the velocity profile u(y) and 
the boundary layer trickiness δ can be easy specified 
using the Blasius solution, but at this moment the K(y) 
and ε(y) profiles are not very well known. Schmidt and 
Patankar [1] showed that the modeled region of 
transition is very sensitive to the K(y) and ε(y) starting 
profiles as well as to the starting location of calculus. In 
order to avoid these difficulties we used for simulation 
the full form of Navier-Stokes equations so that the 
inflow boundary could be placed far in front of flat 
plate leading edge. The procedure allowed as imposing 
constant values for K and ε along the inflow boundary 
so that the K(y) and ε (y) profiles in the laminar part of 
boundary layer was numerically obtained. 

Many technical papers written on the second law 
analysis subject deal with the numerical simulation of 
turbulent flow irreversibilities. But all of them model 
only the viscous and thermal dissipation generated by 
the averaged velocity and averaged temperature gradients. 
Stanciu [6] showed that the interaction between the 
mean and the fluctuating field determine new kind of 
viscous and thermal irreversibilities, having important 
values in the fully turbulent flows. Of course, the 
mathematical model of flow irreversibilities considered 
for this work includes all of these dissipations. 

2. MATHEMATICAL MODEL OF THE FLOW 

For the incompressible turbulent flow the Navier-
Stokes system contain the Reynolds averaged con-
tinuity (1), momentum (2), and energy (3) equations: 
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represents the viscous stress tensor and the heat flux 
vector of the mean motion field, and: 
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are the Reynolds stress tensor and the Reynolds heat 
flux vector. It must be emphasis that, in the energy 
equations, the heat friction was neglected and the 
thermal diffusivity is constant. In consequence the 
energy equation becomes uncoupled from the other 
system’s equations. 

Using the Boussinesq hypothesis, the relations (5) 
becomes: 
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where νT, λ�  and PrT=νT/αT=μTcp/PrT are the turbulent 
kinematic viscosity, the turbulent thermal conductivity 
and the turbulent Prandtl number. In order to close the 
system (1)-(3), �T and λT or PrT need to be computed. 

For νT the LRN extension of two equations K-ε 
model is used, which in Patel’s formulation [7] can be 
expressed as: 
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where ( )R
K ij i jP u x= τ ∂ ∂ is the production term of K. For 

Chien’s and Fan-Laksminarayana-Barnett models, the 
values of constants C�  Cε1, Cε2, σK, σε, the expression 
of damping functions f�, f1, f2 and the form of terms D 
or E can be found in [4] or [5]. 

An alternative to the LRN K-ε models is the TL 
K-ε approach of Wolfshtein [3]. In the vicinity of the 

wall, only the K equation (8) is solved and the turbulent 
cinematic viscosity is computed from: 

   T C L Kμ μν =   (10) 

Additionally, the turbulent dissipation rate results 
from: 
  3 2K Lεε =   (11) 

In the above relations: 
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represent the length scales of K and ε Beyond some 
location from the logarithmic sublayer, where L� become 
equal with Λε both, the K and the ε equations are solved, 
but in the last one fμ=f1=f2 =1 and D=0, E=0. For the fully 
turbulent flow this model is advantageous because the ε 
equation is replaced by an algebraic relation, so that the 
near wall spatial discretization mustn’t be very dense.  

For the turbulent Prandtl number, the classical 
hypothesis of PrT = const. is used. This assumption 
considerable simplify the equation’s system but, as will 
be showed in the next section, it doesn’t give all the 
information requested for computing correctly some 
kind of turbulent volumetric irreversibilities. 

3. MATHEMATICAL MODEL OF THE FLOW 
IRREVERSIBILITIES 

The continuum level of flow irreversibility 
analysis was first formulated by Bejan [8] in the case of 
laminar flows. This method is based on the expression 
of volumetric entropy generation: 
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and consists in computing and comparing the viscous 
and thermal volumetric components of irreversibilities. 
For the laminar boundary layer, the distribution of 
volumetric viscous and thermal components of entropy 
generation can be found in [8]. In the above expression 
Sij denote the strain rate tensor. 

The turbulence itself have to generate specific 
mechanisms of irreversibilities, because the kinetic energy 
of fluctuating velocity and the thermal exergy of 
fluctuating temperature are dissipated through the 
viscosity and the thermal diffusivity of the fluid. Recently 
Stanciu [6] found that the Reynolds averaged volumetric 
rate of entropy generation can be expressed as: 
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The first two terms of the above expression are: 
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and model the viscous and thermal irreversibilities 
generated in the mean motion field by the gradients of 
averaged velocity and averaged temperature. They are 
the homologues of the terms modeling the laminar flow 
irreversibilities because they are generated by the same 
mechanisms. 

The last two terms, containing the correlations of the 
fluctuating velocity and fluctuating temperature gradients 
model the proper irreversibilities of the flow turbulence: 
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Thus, the viscous turbulent component (17) cor-
responds to the irreversibilities generated by the 
viscous dissipation rate ε of the turbulent kinetic energy 
K, and the thermal turbulent component (18) characte-
rizes the irreversibilities due to the thermal dissipation 
rate εθ of the fluctuating temperature variance Κθ. The 
distribution of volumetric entropy generation rate 
components can be found in [6]. At this point, we have 
to give an explanation about the presence of the proper 
turbulence irreversibilities components in the expres-
sion of the mean volumetric rate of entropy generation 
(5). For an incompressible fluid the expression of the 
flow stagnation exergy is: 
  * 1
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Using the Reynolds decomposition, combined 
with the serial decomposition of ln )1( TT ′+ , the mean 
stagnation exergy cam be expressed as: 
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It can be seen that the first three term of the 
mean stagnation exergy (20) are destroyed by the 
viscous and thermal mean motion irreversibilities, 
denoted with the subscripts “VM” and “QM”. The 
following two terms are destroyed by the viscous 
and thermal turbulent irreversibilities (denoted with 
the subscripts “VT” and QT”), which contain in their 
expressions (17) and (18) the dissipation rates ε and 
εθ of turbulent kinetic energy K and fluctuating 
temperature variance Kθ. 

Correlating the irreversibility and the flow 
mathematical models in can be seen that only the first 
tree components of volumetric entropy generation rate 
can be computed. For the last one the mathematical 
model of the flow do not give any information because 
its procedure in computing λT rely on the classical 
PrT=const. hypothesis. In this case, the equilibrium 
turbulence feature of boundary layer can be used, for 
which the production Pθ and the dissipation rate 
εθ appearing in Kθ  equation are equals so that: 

  ( )( )
2 2

p T T
gem

QT j j j j

c T T T TS
T x x T x x

Ω ρ α λ∂ ∂ ∂ ∂
≅ =

∂ ∂ ∂ ∂
&   (21) 

It must be emphasis that the above approximation 
may leads to important errors for other flow configura-
tions. In such a case the two equations Kθ-εθ model of 
Sommer [9] could be used. 

4. NUMERICAL SIMULATION RESULTS 

This numerical investigation was fulfilled for a flat 
plate boundary layer at M∞=0.2, Tu∞=1% and T∞=290 
K. The Reynolds number was Re=106 and the wall 
temperature had the value Tw=275 K. The Reynolds 
number value was chosen in order to obtain both, the 
spatial location of transition as far as possible from the 
flat pate leading edge and a fully developed turbulent 
boundary layer towards the plate end. Obvious, the 
thermal boundary layer doesn’t affect the spatial 
location of transition because in the system (1)-(3) the 
energy equation is uncoupled from the other ones. 
Before showing the volumetric irreversibility distri-
butions in boundary layer, we need to present first the 
simulated flow solution, because it strongly affect the 
numerical accuracy of entropy generation rate calculus. 

Fig. 1 show the simulated skin friction and 
Stanton number variation along the plate for all the 
turbulence models mentioned in this paper. The 
numerical results are compared with the well-known 
theoretical variations for the laminar portion: 
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and fully turbulent region of boundary layer: 
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From fig. 1 it can be seen that TL K-ε model does 
simulate neither the starting laminar portion of the 
flow, nor the transition of boundary layer. From this 
model, the entire flow, from the start to the end of the 
plate is fully turbulent. This is not surprisingly because 
in the near wall region of flow it uses an algebraic 
relation for ε instead of eq. (9) and this relation is valid 
only for the turbulent flow. But even in theses condi-
tions, the agreement between the numerical simulation 
and the theoretical relations of Cfx in the case of 
turbulent boundary layer must be emphasis. Contrary, 
the LRN K-ε CH and LRN K-ε FLB formulations deal 
with the numerical simulation of boundary layer 
transition, but in a total different manner. The CH 
model seems to have a reasonable behavior in simula-
ting the spatial location of transition which theoretically 
ends at Rex/Re=0.15. Also the model gives a good 
agreement between the computed and the theoretical 
variations of Cfx and a reasonable concordance for Stx 
in both, the laminar and turbulent regions of boundary 
layer. From numerical point of view, we found that the 
LRN K-ε CH model is robust and the simulated 
location of flow transition remains stable (its position 
doesn’t change however the iterations continue) so that 
the full condition of stationary flow are reached. 
Unfortunately, the location of flow transition modeled 
by LRN K-ε FLB lies about 50% on the flat plate that is 
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far enough from its real position. This happens because 
the modeled location is not spatially stable. It is moving 
very slow as long as the numerical iterations continue, 
so that the numerical condition of the stationary flow 
cannot be achieved in this case. 

Figs. 2 shows the variation of volumetric entropy 
generation rate components in boundary layer, as it 
results from the numerical simulation with LRN K-ε 
CH turbulence model. As expected, the mean 
components, ( )

VM(S )gen
Ω&  and ( )

QM(S )gen
Ω& are concentrated in 

the near wall regions and decrease in the flow direction 
until the transition occur. Of course, the promotion of 
mean flow irreversibility domain closely follows the 
variation of boundary layer trickiness. During the 
transition, the turbulence development increases the 

friction and the heat transfer in the entire flow, so that 
the mean irreversibilities are blowing up. In this region 
the change of boundary layer trickiness variation, from 
δ~x1/2 to δ~x4/5, grows the irreversibility affected 
domain. In the turbulent part of the flow, the mean 
motion irreversibilities slowly decreases along the 
plate, and, as in the previous regions, quickly diminish 
in the normal flow direction. The volumetric 
irreversibilities generated by the fluctuating field are 
very small in the laminar part of the flow, but blow up 
in the near wall region during the transition and slowly 
decreases in the turbulent portion of boundary layer. It 
can also be noticed that, in the turbulent part of 
boundary layer, the fluctuating irreversibility domain is 
more extended than the mean irreversibility region. 

 

 
 

     1a)  Skin friction coefficient                                             1b) Stanton number 
 

Fig. 1. The variation of Skin friction and Stanton number along the flat plate: 
                          M∞=0.2,Tu∞=1%, T∞=290 K, Tw=275 K, Re=106. 

 

 
 

2a Volumetric viscous mean component          2b Volumetric viscous turbulent component 
 

 
2c Volumetric thermal mean component        2d Volumetric thermal turbulent component 

 
Fig. 2. Distributions of flow irreversibilities in boundary layer 

undergoing transition- LRN K-ε CH model   M∞=0.2, Tu∞=1%, T∞=290 K, Tw=275 K, Re=106. 
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CONCLUSION 

This paper investigated the potential of some K ε 
turbulence models in simulating the irreversibilities in 
boundary layers undergoing laminar to turbulent flow 
transition. Taking into account the volumetric irre-
versibilities occur in the near wall region of the flow, 
the system of equation describing the turbulence must 
be valid until the solid boundaries. Among the K-ε 
models having this feature, we selected for our tests the 
TL approach of Wolfstein as well as the LRN for-
mulations of Chien and Fan-Laksminarayana-Barnett. 
The mathematical model of flow irreversibilities in-
cluded both, the volumetric mean motion and the 
volumetric turbulent components of entropy generation 
rate. Additionally, we introduced two overall irrever-
sibility ratios emphasizing the importance of turbulent 
components of entropy generation rate on the flow 
irreversibilities. 

In the case of boundary layer flow including the 
transition phenomena, the results of numerical simu-
lations showed that LRN K-ε CH turbulence model has 
the best behavior. As shown in figure 1, its modeled 
location of flow transition is reasonable. The distribu-
tion of volumetric entropy generation rate components, 
presented in figures 2, demonstrate that the turbulence 
increases the flow irreversibilities not only through the 
growth of the skin friction and Stanton number in the 
mean motion level, but also through its proper 
mechanisms of dissipation acting in the fluctuating 
field. The other two turbulence models fail in this case 
but from different reasons: LRN K-ε FLB model give a 
delayed transition that leads to an underestimation of 
flow irreversibilities and TL K-ε  approach simulate  

neither the laminar flow, nor the transition, over-
estimating thus the irreversibilities of boundary layer. 
But it cannot be forgotten that some of these con-
clusions are valid only for flat plate boundary layers, 
because in the presence of adverse or favorable 
pressure gradients the behavior of LRN K-ε turbulence 
models tested in this paper might change. 
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